Introduction
The researches of Hermite1 on Lame's equation called first attention to the class of linear differential equations having elliptic function coefficients. Having written the equation in the form used by Lamé, d2x Tä = [n (n + 1)k2 sn21 + h] x, where sn t denotes the ordinary sine amplitude function of modulus k, n a positive integer, and A any constant, he showed that its fundamental set of solutions consisted of uniform doubly-periodic functions of the second kind.
He defined a uniform function F (t) as a doubly-periodic function of the second kind with the periods 2co and 2w' in case it satisfied the two relations F (t + 2o>) = pF (t), F(t + 2co') = p'F(t), u and m' being constants. The investigation of the class of linear differential equations having elliptic function coefficients, but restricted to have only uniform solutions in the vicinity of all the poles, was systematically begun by Picard2 who showed that, in general, the solutions of such equations are linear combinations of uniform doubly-periodic functions of the second kind. In a supplementary note to Picard's paper, Mittag-Leffler3 pointed out the theorem, which is now known by Picard's name, to the effect that, in all cases in which all the solutions are uniform, there is at least one solution which is a uniform doubly-periodic function of the second kind. In making his assumption that the solutions shall all be uniform in the neighborhood of all the poles, he supposed that the poles of the coefficients of the differential equations were of such orders that they should all be singular points of determination for the solutions. Neces-1916] OF LINEAR DIFFERENTIAL EQUATIONS 111 consequence of this hypothesis two equivalent forms for this Jth solution are found in section 4. By two different methods a lemma is proved in section 5 which is to the effect that a necessary and sufficient condition that the Jth solution shall return exactly to itself after its analytic continuation around a closed path encircling the singular points for a common parallelogram of periods, is that a certain sum Nj shall be an integer.
Conditions for the sum Nj to be an integer are discussed in section 6. On adding the hypotheses that all the solutions of the fundamental set of solutions have the character of the Jth solution, and that all the sums Ni, • • •, Nn are integers, Picard's theorem for solutions all of which are uniform is extended in section 7 to a case of multiform solutions.
In section 8 a determination is made of a type of differential equations which possess a certain solution consisting of doublyperiodic functions of the second kind.
The differential
equations and a summary of the general theory
The system of differential equations to be considered is dxn
in which the coefficients \pih ( t ) are elliptic functions of the independent variable t, having the common periods 2co and 2co', and having only simple poles.
Let P denote the pseudo-parallelogram comprising the region of the common parallelogram of periods with the vertices ^4 = 0, 5 = 2co, C = 2co + 2co', D = 2co', from the perimeter of which common parallelogram ABCD are excluded the vertices B, C, D and the sides BC, CD. Since the points in this pseudo-parallelogram P of finite area which are poles of the n2 elliptic functions fa^h(t) (i, A = l, ■ ■ ■, n), are isolated, they are finite in number. Let then h, • ■ •, tm be all the points in P which are poles of the fa^h(t), and let tf denote the /th one of them. 4K and 4iK', and which have as simple poles in P the four points %K, 2K4-ÏK', 3iK', and 2K + SiK', in terms of the Weierstrassian function f ( t ), where 2co = 4K and 2co' = 4iK', are given here in order that a system of differential equations whose coefficients contain linear combinations of snt, cnt, and dn t can be converted into a system of the explicit form (1'). These expressions are found by Hermite's formula to be
where k is the modulus, r¡ = f ( co ), and ij' = f ( co' ). The points h, • • •, tm constitute the singular points in P for the solutions of the differential equations (1), and the points congruent to these points h, • ■ ■, tm, modulo 2co and 2co', constitute the singular points outside of P. Let any of the points in the finite portion of the ¿-plane which is congruent to é¿¿ -(t -WPP® + (t-Tfyrnplog (t -Tf)
where all the P,y are power series in t -Tf. In order that the solutions x(/i}, xYi , xYi , • • • shall be free from logarithms the coefficients of the different powers of log ( t -Tf),
where gr(W) = Ldr(/)^)(r/)Jr(/)=r(/)' must be identically zero in t -Tf. These conditions simplify into the following necessary and sufficient conditions that the solutions xYi], x(/2), x(/3), shall be wholly free from logarithms :
where, for simplicity in writing, ri = //', r2 = r<2/), r3 = r3f),
The hypothesis on the Jth solution
It has been seen from the general theory that there exists in the vicinity of every singular point Tf at least one solution of the form . Some examples can be given where such is the case; but they are simple and seem to indicate that there exists a more general class of differential equations than the types of these examples, which possess one or more solutions having the character of the Jth solution. It has not so far been found possible to determine what are necessary and sufficient conditions on the coefficients of the system of differential equations (1), in order that they shall be such a class of differential equations.
On account of this lack of knowledge as to the nature of necessary and sufficient conditions on the ta it) of (1), the hypothesis is made that the coefficients ta it) are such that the differential equations (1) shall possess a Jth solution consisting of multiform monogenic functions X\j it), • • •, x"j it) whose expansions in the vicinity of every singular point Tf are of the form (6).
TWO EQUIVALENT FORMS FOR THE JTH SOLUTION
By the hypothesis of section 3 the Jth solution has in the vicinity of the singular point tf the form (6) which has already in (5) been written more fully in the form
where rl/) is a root of the indicial equation d¡ = 0. It will now be shown that eft of (7) is uniquely expressible in the form In order to show this it is only necessary to show that, when the two forms are placed equal to each other, the aij-coefficients of (7) are uniquely expressible in the 6i^-coefficients of (8).
On placing the two forms (7) and (8) 
(t -tf)riP £aW (t -tf)k m ef*'Wdt t,bW (t -tf)k
In the vicinity of the point t¡, rm whence it follows that (10) ffa(t)dt = & log (t -tf) + log cT + cYJ (t-tf)+ ■■■, where log éP is the constant of integration. On substituting (10) in (9) and simplifying, it is found that
which can be written
Since c(f can be chosen to be unity, one obtains, by equating the coefficients of the terms in (12) independent of t -tf, In these equations (13) and (14) the ai%rcoefficients are expressed uniquely in terms of the o^coefficients, and conversely. Hence the two forms (7) and (8) Since the points h, • • •, tm are isolated, the path L is reconcileable into successive loops, Li from Q around ti back to Q, and so on, Lm from Q around tm back to Q. Each loop Lf is reconcileable into a circle Cf whose center is t/, and whose radius is greater than zero and less than the On substituting t + 2co' for t in (19) , and t + 2co for t in (20) , it follows also that which can be written
By use of Legendre's formula* the relation e2" ~lNJ = 1 is again obtained which holds only if the sum Nj is an integer.
On the sum Nj
Since it is not known what are necessary and sufficient conditions on the ta it) in order that the differential equations (1) -|V2(l+\-1), respectively. The roots being simple, the elementary divisors of the determinants di, d2, di are simple. There is for each pair of roots no difference which is an integer.
So the hypothesis of Theorem I, section 2 is fulfilled, but there is evidently no way to add the roots such that either sum Ni or N2 shall be an integer.
In Even in this ideal case where the differential equations (1) have only two poles in P, where in the vicinity of the poles the fundamental sets of solutions x^J and x'-fj ( i, j = 1, • • •, n ) are wholly free from logarithms, and where the a£f and the alA"2) satisfy the conditions (24) for j = 1, ■ ■ ■ , n, it is not known whether or not one of the solutions of the fundamental set x^j and one of the solutions of the fundamental set a;(?' are elements, or branches, of a set of multiform functions of the character supposed for the Jth solution in section 3.
Extension of Picard's theorem to a case of multiform solutions
Picard's theorem for the case in which all the solutions are everywhere uniform has been stated in the introduction, section 1. A corresponding theorem is true for the case of n multiform solutions each of which has the character of the Jth solution (16), and which constitute a fundamental set of solutions.
The Theorems I and II, section 2 give necessary and sufficient conditions in order that there shall exist in the vicinity of every singular point Tf a fundamental set of solutions which are wholly free from logarithms. Just as in example 4, section 6, it is not at present known what are further necessary and sufficient conditions on the coefficients ta it) in order that the differential equations (1) shall possess a fundamental set of solutions having the character of the Jth solution (16). The theorem as it is proved is as fol- Zt-(i + 2co) = pXi(t)
where p and p' are constants. The method of proof by E. W. Barnes15 of Picard's theorem in the case where all the solutions are everywhere uniform is adopted here.
The differential equations (1) being unchanged when t + 2« is written for t, it follows from the fundamental set of solutions (32) is a fundamental set of solutions. The differential equations being unchanged when t + 2co' is written for t, it follows that (34) Xij(t + 2co') (i.i-1.
is also a fundamental set of solutions.
In the same way it follows that Hence, from equations (43),
Wherefore it follows that
The proof of Picard's theorem is thus completed for a case of multiform solutions.
ON THE DETERMINATION OF A TYPE OF DIFFERENTIAL EQUATIONS WHICH POSSESS A CERTAIN SOLUTION CONSISTING OF DOUBLY-PERIODIC FUNCTIONS OF THE SECOND KIND
In the problem of this section there is added the hypothesis that, in the Jth solution (16), viz.,
where fa (t) =£7«, rp f (t -t,), the £w (*) It has just as many zeros as poles. Since the hit) have no poles, they have then no zeros. The F ( t ) which has no poles nor zeros reduces to On substituting this solution (46) in the differential equations (1'), expanding f it -tf) in powers of t -tf, and then equating the coefficients of (< -tf)~l, all this being done for every /, the m + 1 sets of n linear homogeneous equations in the au, • • •, a"j, Since, in each set of (47), the number of equations is equal to the number of au, a necessary and sufficient condition for solutions other than au = aw = ' ' ' = anj = 0 is that the determinants of the coefficients be zero. Therefore the following equations are obtained, = 0.
In order that these to + 1 sets of equations (47) 
